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Assignment of consistent quantum probabilities to events in a quantum universe is a
fundamental challenge which every quantum cosmology/gravity framework must overcome. In loop quantum cosmology, this issue leads to a fundamental question: What is
the probability that the universe undergoes a non-singular bounce? Using the consistent
histories formulation, this question was successfully answered recently by the authors for
a spatially flat FRW model in the canonical approach. In this manuscript, we obtain a
covariant generalization of this result. Our analysis is based on expressing loop quantum
cosmology in the spin foam paradigm and using histories defined via volume transitions
to compute the amplitudes of transitions obtained using a vertex expansion. We show
that the probability for bounce turns out to be unity.
Keywords: Loop quantum cosmology, Consistent histories, Path integrals

1. Introduction
Obtaining a consistent notion of probabilities is a fundamental problem in quantum cosmology. The usual Copenhagen interpretation is inadequate for a quantum
universe since there is no possible division of a quantum cosmos into an observed
quantum system and a classical external observer. Measurement by the latter or
a classical detector which plays an essential role in Copenhagen interpretation by
killing the interference between alternative histories and hence leads to the assignment of probabilities, no longer remains meaningful in a closed quantum system.
The consistent histories approach is based on generalizing the above procedure of
eliminating the interference between alternative histories without the baggage of
observer based measurement. 1–3 Instead, this task is achieved by a decoherence
functional which measures the interference between different alternatives. These
sets of alternatives define histories, specified by class operators constructed from a
time sequence of projection operators. In case the interference vanishes, histories
decohere and consistent probabilities can be assigned.
Recently, we have used the consistent histories formulation to compute the probability for a non-singular bounce to occur in loop quantum cosmology (LQC). 4,5
Loop quantization of various cosmological spacetimes has been performed, 6 and the
result that these cosmological models bounce at small volume, first seen for the spatially flat isotropic model, 7 has been generalized in various directions. However, in
most of the works, analysis of the quantum theory essentially stops with computation of expectation values of observables and associated fluctuations. The consistent
histories approach has filled an important gap in LQC by providing precise answers
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to compute quantum probabilities in LQC. The probability of a bounce in the spatially flat isotropic model sourced with a massless scalar turns out to be unity, 4 in
striking contrast to the Wheeler-DeWitt theory where the probability of a bounce
is zero for an arbitrary superposition of expanding and contracting universes (analogous to Schrödinger’s cat states). 8 Instead, the probability of a Wheeler-DeWitt
universe to encounter a singularity turns out to be unity. So far, these computations
were performed in the conventional canonical formulation of LQC using an exactly
solvable model. 9 The goal of this work is to extend these results to a covariant
formulation using a spin foam avatar of LQC. 10 Our analysis is based on earlier
works building on this relationship between LQC and spin foams. 11–14
The manuscript is organized as follows. In Sec. II, we summarize the primary
construction expressing LQC in langauge of spin foams. 11–14 Starting from the quantum Hamiltonian constraint Ĉ in solvable LQC, 9 we write the Hadamard propagator
treating Ĉ as a Hamiltonian. The Hadamard propagator is equal to the physical
inner product obtained using group averaging, and can be written as a sum over
volume transitions by a careful rearrangement of summation in a vertex expansion
of the inner product. In Sec. III, computation of the theory’s class operators and
probabilities is summarized (see Craig and Singh (2016) 10 for details). Using the
Hadamard propagator, decoherence functionals are computed and the probability
of a bounce is shown to be unity. The probability of a singularity to occur is found
to be zero. We conclude with a brief summary in Sec. IV.
2. Sum over histories in exactly solvable LQC
The spatially flat isotropic and homogeneous model in LQC offers a possibility
for an exactly solvable quantum theory. If the lapse is chosen to be the physical
volume of the universe, the quantum Hamiltonian constraint simplifies for the case
of the massless scalar field φ, and one obtains solvable LQC 9 (sLQC). In the volume
representation, the action of the quantum Hamiltonian constraint is given by 9


ĈΨ(ν, φ) = − ∂φ2 + Θ̂ Ψ(ν, φ) = 0 ,
(1)
where Θ is a positive definite and essentially self-adjoint operator with the following
action:

3πG p
|ν(ν + 4λ)||ν + 2λ|Ψ(ν + 4λ, φ) − 2ν 2 Ψ(ν, φ)
Θ Ψ(ν, φ) = − 2
4λ

p
+ |ν(ν − 4λ)||ν − 2λ|Ψ(ν − 4λ, φ) .
Here
the eigenvalues of the volume operator: V̂ |νi = 2πγ|ν|ℓP 2 |νi, and λ =
√ν labels
2
(4π 3γ 2 ℓP )1/2 with γ as the Barbero-Immirzi parameter. The resulting quantum
theory mimics the one for the Klein-Gordon theory, and as in the latter, we have a
superselection of the positive and negative frequency states. The physical Hilbert
space can be chosen as the one for the positive frequency states Ψ(+) , which satisfy
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√
−i∂φ Ψ+ (ν, φ) = ΘΨ+ (ν, φ). For the positive frequency states, the transition
amplitude between |νi , φi and |νf , φi is given by the physical inner product. To
cast LQC in the picture of sum over histories, it is useful to work directly with
these kinematical states, |νi , φi i, which are analogs of the spin networks in the spin
foam framework. The inner product between two such spin network states, |νi , φi i
and |νf , φf i, obtained using group averaging procedure, is given by an analog of
the Hadamard propagator GH 14
Z ∞
GH (νf , φf ; νi , φi ) =
dα hνf , φf |eiαĈ |νi , φi i .
(2)
−∞

The integrand of the above integral is identified as the amplitude of transition
A(νf , φf ; νi , φi ; α) which due to the separable form the Hamiltonian constraint can
be written as
A(νf , φf ; νi , φi ; α) = Aφ (∆φ; α)AΘ (νf , νi ; α) .

(3)

Here
2

Aφ (∆φ; α) = hφf |eiαpφ |φi i, and AΘ (νf , νi ; α) = hνf |e−iαΘ |νi i .
The amplitude Aφ can be found easily using eigenfunctions of p̂φ :
Z
2
Aφ (∆φ; α) = dpφ eiαpφ ei∆φpφ .

(4)

(5)

On the other hand, finding the corresponding AΘ (νf , νi ; α) is far more non-trivial.
Following Feynman’s procedure, one considers a division of the “time” interval ∆φ in
N parts of length ǫ/N , with each sequence of intermediate volumes corresponding to
a “history” (νf , ..., νi ). Summing over these histories provides a transition amplitude
X
(6)
hνf |e−iǫΘ |ν̄N1 i....hν̄1 |e−iǫΘ |νi i
AΘ (νf , νi ; α) =
ν̄N −1 ,...ν̄1

where we have used the resolution of the identity at each time step. It turns out that
the limit N → ∞ is tricky in the polymer representation of geometry which yields
hνi |νj i = δij in contrast to a Dirac delta in the Fock representation. The result of
this difference is that a naı̈ve sum to continuum limit is equivalent to considering
ǫN with ǫ vanishing, leading to a null amplitude.
To take the continuum limit, the sum is rearranged in the spirit of the spin foam
vertex expansion. The key idea is to group histories in terms of the number of
volume transitions, where each history satisfies the condition that in a transition, a
volume eigenvalue can not be repeated immediately. However, a volume eigenvalue
can return after a distinct volume transition. For m such transitions allowed in the
fixed value of the time interval ∆φ, the gravitational amplitude can be written as
a reorganized sum over the number of volume transitions m of a sum over allowed
paths with exactly m intermediate transitions, 11,12
AΘ (νf , νi ; α) = lim

N →∞

N
X

m=0

X

νm−1 ,...,ν1
νm 6=νm−1

A(νf , νm−1 , ...ν1 , νi ; α) .

(7)
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The Hadamard propagator
GH (νf , φf ; νi , φi ) =

Z

∞

dα Aφ (∆φ; α)AΘ (νf , νi ; α)

(8)

−∞

can be computed by interchanging the integral with the summation in eq.(7) by
analogy of the procedure for a different propagator. 12
A useful way to write the Hadamard propagator is to express it as a sum of
positive and negative frequency components,
Z ∞
dk +iωk ∆φ
[e
+ e−iωk ∆φ ] ek (νf )ek (νi )∗
GH (νf , φf ; νi , φi ) =
2ω
k
−∞
−
= G+
H (νf , φf ; νi , φi ) + GH (νf , φf ; νi , φi ) .

Here ek are the eigenfunctions of the Θ operator with eigenvalues ωk2 . Using the
vertex expansion in eq.(8), we obtain
∞
X
X 
A+
GH (νf , φf ; νi , φi ) =
m (νf , νm−1 , . . . , ν1 , νi ; ∆φ)
m=0

νm−1 ,...,ν1
νm 6=νm−1

+



A−
m (νf , νm−1 , . . . , ν1 , νi ; ∆φ)

(9)

where the path amplitude associated with the path (νf , νm−1 , . . . , ν1 , νi ) with m
transitions, where ν0 = νi and νm = νf , such that there are p unique volumes
(wp−1 , wp−2 , . . . , w1 , ν0 ) is given by 10
A±
m (νf , νm−1 , . . . , ν1 , νi ; ∆φ) = Θνf νm−1 . . . Θν2 ν1 Θν1 νi
√
p

dk −1 X
p
p
Y
(2 Θwi wi )−1 e±i Θwi wi ∆φ
1
∂
.
×
Qp−1
(dk − 1)! ∂Θwk wk
j=0 (Θwi wi − Θwj wj )
i=1
k=1

j6=i

Note that p ≤ m + 1. The degeneracy of each volume wk in the given path is
Pp−1
denoted by dk , hence k=0 dk = m + 1. The amplitude over the sum of gauge
histories obtained by treating Ĉ as the Hamiltonian can thus be obtained from the
matrix elements Θνi νj = hνj |Θ|νi i.
3. Class operators and probabilities
For a given family of volume histories {h} associated with m volume transitions for
states with positive frequencies, the class operator is given by 10
Ch (νf , φf ; νi , φi ) =

∞
X
X

A±
m (νf , νm−1 , . . . , ν1 , νi ; ∆φ) .

(10)

m=0 {νk }∈h

Summing over all the families of histories, we obtain the Hadamard propagator for
positive frequency states,
X
Ch (νf , φf ; νi , φi ) = G+
(11)
H (νf , φf ; νi , φi ) .
h
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Using the properties of the Hadamard propagator, we are now equipped to
answer questions about the probability of bounce (or lack of it) in this exactly
solvable model of LQC. We start with picking a reference volume, labeled by ν ∗ ,
and classify paths according to whether νi,f is greater or less than ν ∗ at φi,f . That
is, whether νi ∈ ∆ν ∗ or νi ∈ ∆ν ∗ (and similarly for νf ).
The class operator for histories for which νf ∈ ∆ν1 and νi ∈ ∆ν2 is:
C∆ν1 ;∆ν2 (νf , φf ; νi , φi ) = G+
H (νf , φf ; νi , φi )δνf ,∆ν1 δνi ,∆ν2 .

(12)

Thus, the class operator for a history which bounces is,
Cbounce (νf , φf ; νi , φi ) = C∆ν ∗ ;∆ν ∗ .

(13)

On the other hand, the class operator for the alternative history that the universe
is found at small volume at either or both of φi , φf is
Csing (νf , φf ; νi , φi ) = G+
H (νf , φf ; νi , φi ) − Cbounce (νf , φf ; νi , φi )
= C∆ν ∗ ;∆ν ∗ + C∆ν ∗ ;∆ν ∗ + C∆ν ∗ ;∆ν ∗ .

It is important to note that for any fixed volume νf , by the Riemann-Lebesgue
lemma, since at fixed volume the factors in the integrand multiplying exp(iωk ∆φ)
are integrable functions of k, the propagators vanish in the limit ∆φ → ∞. As a
result, all the class operators appearing in Csing are zero in the limits φi → −∞
and φf → +∞ for any finite ν ∗ . Thus,
Csing =

lim

φi →−∞
φf →+∞

Csing (νf , φf ; νi , φi ) = 0.

In contrast, the class operator corresponding to a bounce
Cbounce =

lim

φi →−∞
φf →+∞

Cbounce (νf , φf ; νi , φi ) =

lim

φi →−∞
φf →+∞

G+
H (νf , φf ; νi , φi )

(14)

is not zero. Therefore, all states are driven to infinite volume as |φ| → ±∞.
The probability for the bounce to occur, pbounce , is captured by the decoherence
functional element d(bounce, bounce):
†
pbounce = d(bounce, bounce) = hΨ|Cbounce
Cbounce |Ψi .

(15)

Computation of the decoherence functional reveals that this probability is unity, 10
whereas the elements d(sing, bounce) and d(sing, sing) vanish. 10 The probability
that in any volume transition, a zero volume eigenvalue is reached is zero. In this
sense, the probability for a singularity to occur turns out to be vanishing.
4. Summary
Expressing LQC in the language of spin foams 11–14 opens a new window to explore
answers to questions about consistent histories in a covariant framework. Given
the rigorous detailed construction of the quantum theory available in sLQC, 9,15 the
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underlying task to define class operators and calculate the decoherence functional
becomes tractable. The decoherence functional can be computed to find the histories
which decohere and assign respective probabilities to such histories. This task has
been accomplished for the first time in covariant formulation of sLQC. 10 Using
histories classified via number of volume transitions, we find the probability for a
bounce to be unity. This confirms with our previous results on consistent histories
in LQC using the canonical approach. 4 Generalization of these results to a covariant
avenue provides an opportunity to explore further connections between the these
issues in LQG/spin foams and conventional path integral approaches, 16 and also
promises to give insights on some fundamental issues in spin foams.
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